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1. Beenenue. IloctanoBka 3agauu

W3ydyeHne KpaeBbIX 3aJad s YpPaBHEHUU CMEIIAHHOIO TUIA B CHIIy €ro
OPUKIAJHON BaXXHOCTU SABJISETCA OJHOW M3 IEHTPAJbHBIX MpOOJEeM  TEOpHUH
i depeHIMaNbHBIX YPaBHEHUH B 4acTHBIX Npou3BoJHBIX. Brnepeoie @.M.Dpankis [1]
OOHapYXWJI BaKHBbIC TMPHUIOKEHMSI 3TUX 3ajad B ra3oBoil nuHamuke, a M.H.Bekya [2]
yKazall Ha Ba)XHOCTh MPOOJEMBbI ypaBHEHUN CMEIIAHHOTO THUMAa MpPH pPEIIeHUH 3ajad,
BO3HHUKAIOIINX B 0€3MOMEHTHON TEOpUU 000JIOUEK.

Jlo Hacroslero BpEeMEHM WCCIEIOBaHUS KpaeBbIX 3a4ad sl ypaBHEHHM
CMEIIAHHOTO THUMA C CHHTYJISPHBIMH KOA(D(UIIMEHTaMH MPOBOJUINCH B OCHOBHOM B
cily4ae ABYX HE3aBUCUMBIX MepeMeHHbIX. OJIHAaKO, TaKUE 337]a4l B TPEXMEPHBIX 00JIaCTAX
OCTalOTCA MAJION3yYEHHBIMHU.

3anaya TpukoMu Al CMEMIAHHOTO AJUTMNTUKO-TUIEPOOIUYECKOTrO YpaBHEHUS B
TPEXMEPHOM MPOCTPAHCTBE C MOMOIIBIO METOJ/Ia UHTErpajJbHOro npeodpazoBanust Oypbe
BIIepBBIe HccienoBana B pabore [3]. Tlocie sToit paboThl MOSIBUWINCH psif paboT, B
KOTOpPBIX paccMaTpeHbl KpaeBble 3aJaud I Pa3IMYHbIX YPAaBHEHUH AITUNTHKO-
rUrepOOoIMYECKOro TUIIA B TPEXMEPHBIX 001acTsx (cM. Harpumep, [4]-[12]).

B nanHoit pabore wu3ydaercs TPOCTpAaHCTBEHHas 3afaud [pUKOMH  JUIsS
TPEXMEPHOTO YPABHEHUS] CMEIIAHHOTO THUIA C TPEMs CUHTYJISPHBIMU KO3 (ULIMEHTaMU B
o0nactu, OSJUIMITHYECKass YacTh KOTOpPOH OECKOHEYHOM YeTBEepTH IWIMHApA, a
runepOoMyecKas 4acTb — 0ECKOHEUHasl TpeyroJibHas mpsiMasi mpusma.

Hycte Q={(X,y,2):(X,y) €A ,z€(0,0)}, rne A— obnacts miockoctu XOy,

orpannuenHas npu Y >0 mxyroi 50={(X, y):x2+y2:1,x20,y20} H OTPE3KOM
Wz{(X,WZXz0,0S y£1}, a npu y <0 —orpeskamun
0Q={(x,y):x+y=0,0<x<1/2} u QP ={(x,y):x—y=11/2<x<1},
0=0(0,0), M =M(0,1), P=P(10), Q=Q(1/2,-1/2).

Baenem o6o3HaueHus: () :Qm(y>0), leﬂm(y<0); Ay :Am(y>0),
A =An(y<0); Sy ={(xy,2): 00 x(0,0)},

S, ={(x¥,2):OM x(0,00)}, S, ={(x,¥,2):0Qx(0,%)},
S3={(x.¥,2): 2N (2=0)},t1e Q=05 L,
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Q, :{(x, y,z):x2 +y? >1,xe[0,1],ye[01],z e[O,oo)},

i O ={(xy.2):-y<x<y+Lxe[01],ye[-1/2,0],z&[0,%)}.

B o6mactu () paccMoTpum ypaBHEHHE

3

Eﬂﬂ“

nl Uy +(Sgny)U,, +U,, + 'BU +|2ﬁ U =0, (1)

rie 3,7 €R, npuuem ,36(0,1/4), 7/6(0,1/2).

B o6mactu () ypaBHenue (1) MPHHAMIEKHT CMENIAHHOMY THITY, a HMEHHO B

S

obmactu () -3IMNTHYIECKOMY THITY, a B 00act () - rHIepOOINIecKOMy THUILY, IPHYEM
X=0, y=0 u z=0 sBasioTcs IUIOCKOCTSIMH CHHTYJISAPHOCTH YypaBHEHHS, a MpH
nepexo/ie Yepe3 NpsMOyrOIbHUK Qo N f_ll ypaBHEHHE MEHSET CBOM THII.

HccnemyeM crieayroyro 3amaay st ypasaenus (1) B oomactu .

3agaua T (Tpuxomu). Haiitn QyHkumo U(X, y,z), YAOBJIETBOPSAIONIYIO B
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obnactu (Q ypaBHeHHIO (1) H CIIEAYIOMIUM YCIOBHIM:

U U(x,Y,2)eC(Q)NCrs (Qu), (2)
— U(xy.2)g =0; 3)

g U(x,y,z)S_l:O, U(x,y,z)|§ =0, (4)

9 U(x,y,z)§3:F(x,y), I|mU(xyz): (5)

d TaKKC YCJIIOBUIO CKIICHBAHUA

Iimo(—y)zﬁU (xy,2)= IlmoyZﬂU (x,y,z), xe(01), ze(0,c), (6)
y—>— y—>H

rae F (X, y)— 3ajaHHas PYHKIIMS.

2. Iloctpoenme 4yacTHbIX pemieHnid ypaBHenuss (1) B oOuactum
TUNepOOJIMYHOCTH H JJUIHNITHYHOCTH YPaBHEHUA

Haxonum HeTpuBHalibHbIE pellieHusi ypaBHEHUs (1), yAOBIETBOPSIONINE YCIOBHIM

FRACTICE

(3), (4). Pasnenus nepemennsie no popmyae U (X, Y, Z) =Uu (X, y)Z (Z) , u3 ypaBaenus (1)

U KpaeBbIX ycnoBuit (3) u (4), MOIy4rM ypaBHEHUIO

Z”(z)+2—Z7/Z'(z)—ﬂ,Z(z)=O, 0<z<o0 ™
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U CIICYIONIYIO 33/1a4y Ha COOCTBCHHbBIC 3HAYCHUSI:

Uy +(SON YUy +2’Bu Tﬁu + =0, (X,y)eA, (8)

u(0,y)=0, ye[01], u(x,y)=0, (x,y)eay, (9)
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u(x,—x)=0, xe[0,1/2]. (10)

Chauanma paccmorpuM 3azaudy {(8),(9),(10)} B obmactu A, T.e. paccMOTpHM

-
:'. CJICAYIOLIYIO 3a4a9y:

i | Uy, —U +%u —%u + =0, (x,y)eA (11)
; n XX vy X X y y J J 1)

o u(x,—x)=0, xe[0,1/2]. (12)

) Pertenne »Toii 3a/1a4u UILIEM B BUE

8 (% y)=X(E)Y (7). tae E=C —y?, n=x21£2. (13)

b Torma OTHOCUTENHHO (QYHKIIMN X(g&) u Y(n), TIOJTYYUM CIICIYIOIIUE YCIOBHS

;-J, X(0)=0, | lim Y (7n)|<-+w u ypasuenue

oy

7 —>+00

- EX(E)+(1+4B)EX(£)+| A8% - u|X(£)=0, £>0; (14)

-
=

n(1-n)Y"(n)+[12+p-(1+ 2,8)77]Y’(77)+%;N(77):0, n>1, (15)

rape U e R —koHcTanTa PasaciICHuA.

al (
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Pemenvie ypaBHenus (14), ymoBnersopsiomue ycnoBuro X (O)=0, CYLIECTBYIOT

npu £ >0 1 oHHM (C TOYHOCTHIO 0 IIOCTOSHHOTO MHOYKHTENSA) UMEIOT Buj [13]

X(&)=¢713,(A¢), @>2pB, meN, (16)
rae @ = \/4,82 +u,ad, (X) —dynkuus beccens mepsoro poja.

(15) smusiercst TunepreoMerpuueckuM ypaBHeHuem [aycca [14]. Ero oGmee
petienue onpenensercs hopmynoit [14]

Y (1) =cp PR (B+ 0l 2,1/ 2+ @121+ @l ) +
e PR (B - wl21- w121~ willn), a7

rae C),C, —IPOM3BOJIbHBIC IOCTOSHHBIE, a F —rumepreomerpuueckas GyHKUUS

10N

l"aycca.
Tak xak @w—2L>0, 1o uz (17) ciaemyer, 4To AJS TOrO, YTOOBI TMOJYYHUTH

OrpaHMYCHHYIO HpU 77 —>+00 (yHKIHI0, B (opMyne Hano monoxuts C, =0, B urore
4ero, MoJxy4YuM

Y(77):cln_ﬂ_“’/zF(ﬁ+a)/2,1/2+a)/2,1+ wlln). (18)
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CH@)IOB&TCJ'IBHO, HCIIPCPBIBHBIC W HCTPHUBUAJILHBIC B Al pemicHusa 3agadu

{(11),(12)}, cormacuo (13), (16) u (18), onpeaensiroTcs paBeHCTBAMU

U (X,Y) = Clx_zﬂ_a)(xz -y° )a)l2 Jw( Z,(x2 — yz))x
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2
F| g+l 2 1Y | ¢ #0. (19)
2 2 X2

S

Ortcroa, Moab3ysACch H3BECTHBIMH (popmyaamMu [ 14]

F(AB.C;1)=I(C)r(C-A-B)/[[(C-A)I(C-B)], C-A-B>0,

E?r-‘l )

(20)

rae p= \/Xz + y2 , @=arctg (y/x), u3 ypaBHeHus (24) u ycnosuii U € C(ZO),
(9), mony4nm cienyromue 3a1aun:

P°Q(p)+(1+48)pQ () +| 40° - £ |Q(p)=0, p(01),  (26)

1
€L F(AB,C;x)=(1-x)""®F(C-AC-B,C;x), (21)
% :;'1“ HaXOJIUM
q ? (%)= yILrUOu,j1 (x,y)=ck (@)x "3, (\/Ix) x[0,1];
QL s ) _ 250 _ . (22)
éj < Vi (X)= yIl_)njo(—y) 5um (% y)=cky (@0)x I, (\/Zx) xe(0,1),
qa E rae F(Z) —ramma GyHKIus Ditnepa [14],
= < I (1+o)(1/2- B) 20 (1+ )T (1/2+ B)
G ki (@)= - . k(@)= .
O° T(1-B+w/2)T[(1+0)/2] T(B+w/2)T[(1+o)/2]
c (23)
T'U = Teneps paccmorpuMm 3amady {(8),(9),(10)} B obmactm A;, T.e. paccMOTpuM
‘g 2 CJIEIYIONIYIO 3a/1a4y:
b= 2p 2p
.9 5 uxx+uyy+7ux+7uy+/1u:0, (X,y) €Ay, (24)
i u(0,y)=0, ye[01], u(xy)=0, (x,y)eay, (9)
ﬁ Pa3nenuB nepeMeHHbIe IO popMyIIie
8 uy)=0le)sie) @9
2
o

Q(0)=0, Q(1)=0, 27)
S"(p)+4p8ctg(20)S'(¢) + 1S (9) =0, p<(0,7/2), (28)
S(7/2)=0, (29)

rae [l € R- koncranra pasuenenus.

Cuauvana wuccrnenyem 3amaund  {(26),(27)}. OOmee pemeHue ypaBHeHUs (26)

» INTERMNATIONAL Internat

onpenensiercs B Buze [15]

Qn(P) =00 35 (Nap)+ap™No(Vap). pel0ll, (30
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371€Ch 6?):\/4,82 + il YV(X)—Q)yHKum Beccensst Broporo poma, a C3 u Cy-

MIPOU3BOJILHBIE TTOCTOSIHHBIE.
N3 (30) crmemyet, 4ro pemieHus ypaBHEHUs (26), YIOBIETBOPSIONINE TEPBOE W3
ycnoBuii (27), cymectByrot ipu [ >0 1 oHM OnpenensoTes paBeHCTBAME

Qn(p)=cp"3;(N2p), pelol, @>2. (31)
Teneps uccnenyem 3amauu {(28),(29)}. OOmee pemienue ypaBHeHus (28) umeer
g Bun [13]
= S((p):C5F(ﬂ+03/2,,8—03/2,,8+1/2;sin2(p)+
Sj 1G5 (sing) 7 F| (1+@)/2,(1- 8)/2,(3/2) - Bisin o |, (32)
Cl)‘ rae Cg u Cg - MpOU3BOJIbHBIC MOCTOSTHHBIC.
L'a VY nosnerBopsis pynkmuio (32) ycnosuto (29) u npumensis dopmyiny (21), moxydum
o Co =k3(c?))c5,rj:[e
7 k3(cb):_F(1/2+ﬂ)F(1—,B—~a)/2)F(l—ﬂ~+a)/2) (33
r(3/2-p)I((1-a)/2)r((1+a)/2)
r—
CU Hoxncrasiss B (32) Cg =Kg (6?))05 u nonaras C; =1 (310 He Hapymaer oOmHOCTH),

HNMCCM

S(¢)= F(ﬂ+6?)/2, ,B—c'b/2,ﬁ+1/2;sin2(p)+

10N

+hy(@)(sing) " F| (1+ @)/2,(1-@)12.312- Bsin’p|. (34

Ha ocnoBanum (25), (31) u (34), 3akimtouaeM, 4YTO HEMPEPHIBHBIC U HETPUBUAIBHBIE

B KO peuienus 3aaaun {(24),(9)}, umerot Buj

g (X, y):osp—zﬂJ@(ﬁp){F(ﬁ+@/2, f- 12, f+1/25in% ) +

Open Access | Scientific Online | Conference Proceedings

+ky (@)(sing) ™/ F[(1+ @)/2,(1—@)/2,g—ﬂ;sin2 (p}, c;#0. (35)

OTCIOIIa, HCIIOCPCACTBCHHBIM BBIYMCIICHUCM, HAXOJUM

1: INTERMATIOMAL Interna t

u (r,; (x)= yli_)nlou,; (x,y)=cx ], (\//lx), xe[0,1];
. (36)
v ()= lim y* %:03(1—2,8)k3(w)x 13, (vAx), xe(04).

Janee, na ocHosanun U (X, y,z):u(x, y)Z(z) U BBEICHHBIX 0003HAYECHUH, U3

ycnosuii U (X, Y, Z) eC (Q) ¥ (6) CIEIYIOT CIICIYIOIINE PABCHCTBA!

18
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T (X) =7 (X), Xe [0,1],
Vi (X)=vm (%), xe(0,2).

[MoxcraBnss (22) u (36) B (37) u nonaras = @, AMEEM OJHOPOAHYIO CHCTEMY

(37)

Fu L

YPaBHEHUN OTHOCUTENBHO C; U C3:
{kz (@), —(1-28)ks(w)c5 =0,
ki (@)c; —¢3 =0,

rae kl(a)), K, (a)), ks (a)) —OCTOsIHHBIE, onpeensemble hopmynamiu (23), (33).

(38)

Cucrema (38) umeer HeTpuBHaNbHOE penieHue. [103ToMy OCHOBHOM omnpesenuTenb
e paBeH Hymt0. CocTaBisisi OCHOBHOM OMpeaeNuTeNlb cuctemMsbl (38) u mpupaBHUBaAs €€ K

HYyJIIO, 4 3aTeM, MCIOJib3ys (Gopmyiy [14] F(Z)F(l— Z) = ﬂ/sin(m), Z¢Z, nmeem
TPUTOHOMETPUYECKOE ypaBHEHHUE OTHOCHTEIILHO W:

sin [7[( L+l 2)] + COS (a)ﬂ'/ 2) =0. BommchBasg pemeHHs 3TOrO0 ypaBHEHHUS U

onferences
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NpHHKEMas BO BHUMaHKE YCIOBUE @ > 23, HaX0quM

w,=2n—LF-1/2, neN. (39)

A
J

Ha ocnoBanmu (39), umcma g, =a)§ —4,32, NeN saBmaoTcs coOCTBEHHBIMU

al (

3HaueHusMH 3a1ad {(15), <+o0} u {(28),(29)}.

Y0

[ToacraBnsis (39) B (31), a moTom ee K BTOpoMy YycioBuit u3 (27), umeem

10N

YPAaBHCHUIO JJISI OTBICKAHUC IIapaMETpa Z/:
3, (\/I ) 0. (40)

UssectHo, uto npu | >—1 dpynxuus Beccens Ji (Z) MMEET CUETHOE YUCIIO HYJIEH,

IIPUYEM BCE OHU BELIECTBEHHBI U C NMOMApPHO MPOTHUBOINOJIOKHBIMU 3HaKamu [16]. Tak kax

@, > 23, 10 ypaBHeHue (40) UMeET CYCTHOE YHCIO BELIECTBEHHBIX KOpHed. O603Hawast
4yepe3 O —M-bIii IOJOXKMTENbHBIA KOpeHb ypaBHeHus (40), NOIy4uM 3HAYECHUsS
napamerpa A, IpU KOTOPBHIX CYLIECTBYIOT HETPUBMAJIbHBIE pelieHus 3axaun {(26),(27)}
T.¢. COOCTBEHHBIE 3HaueHus 3a1aun {(26),(27)}: A=A, = G%, me N.

VuuteiBas JoKaszaHHOe Beiie u pasenctBa (19), (35), w=ad= W, A= Gﬁ],

C3 :kl(a)n)cl (oo cuemyer u3 cucteMs! (38)) u momaras C;=1 (310 He Hapymraet

COMFEREMNCES OF PRACTICE
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p I, (amp){F(m%, ﬂ—%,m%:sinz(p}

Hy(o)(sing) 2 F (“2‘”” w2 pin coj} (x,y) < Bo;

L (@ ) x 2 (Xz _ yz)“’n /2 3, (Gm [ y? )x

o, 1+ o,

\XF{,BWL >

Fu L

Inl Unm (X’ y) =

X2

2
A+ a)n;l—y—} (X, y)eZl, nmeN

(41)

ABJIIIOTCSA  HCIPCPBIBHBIMU W HCTPUBHAJIBHBIMU B A PCIICHUAMU 3ada4un

{(8).(9).(10)}-

B pa6ote [13] mokasanma, uto mpu 0< f<1/4 cucrema coGCTBEHHBIX (YHKIIMIA

onferences
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ToNHa B pocTpaHcTBe Ly (AO ) :
Tenepr paccmoTpum ypaBHenue (7). OOmee pemienue ypaBHeHust (7) mpu
Ay =02, me N, umeer Bux [17]
1/2— 1/2—-
Zn(2)=C2" " yyp, (0m2) + 27" "7 Kyyp, (0m2), (42)

rie C; u Cg-TIPOM3BOJIBHBIC HOCTOSHHBIC, a || (X) u K, (X)— ¢Gynkuus beccens

A
J

al (

MHMMOTO aprymenTa u QpyHkuus Maknonansaa nopsaaka | [16] coorseTcTBeHHO.

10N

[lo BTOpO¥ ycnmoBuii (5) perieHue U(X, y,z) ypaBHeHus (1) umMeer HONb Ha
OECKOHEYHOCTH, TOATOMY (GYHKIIMH Zm(Z) npu Z-—>00 JOJKHO HMETh HOJb. U3

paBeHCTBO (42), Ha OCHOBAaHMH ACUMIITOTHYECKUX MoBeaeHuH dynkuuit |, (Z) u K, (Z)

npu 6onpmux Z [18, ctp. 173]:
z

1/2
e T _
| ~~—, K ~|— Z,
)= g ) (2zj i

crenyer, uro C; =0, rtak kak QyHKIHS valkad |1/2_7, (GmZ) npu Z—>o0
crpemuTes K OeckoneuHocTH. Toraa, monaras B (42) C; =0, nmeem
_ 1/2—y
Zn(2)=C7 " 7Kyp, (om2). (43)

Takum obGpasom, B obmactu () dactHele pemieHus ypaBHenus (1),

COMFEREMNCES OF PRACTICE

ynoBieTBOpsAomKe yciaoBusam (2)-(4), (6) nu Bropoe u3 ycinoBuil (5), omnpexpensercs
dbopmymnoit

Unm (% Y,2) =Unn (X, Y)Zi(2), n,meN, (44)

rae Zm(Z) 151 unm(x, y)— dbyHKIMYU, ompexaenseMble paBeHcTBamu (43) u (41)

S INTERMATIOMAL Internat

COOTBCTCTBCHHO.
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3. EquncTBeHHOCTh pemenus 3a1aun T

9
aa

Pemenwue 3amaun T B obmactu () OyzneM HCKaTh B BUAE CyMMBI psijia

0

] U(x,y,z) Zchnm (X Y) 227Ky o, (0n2), (45)
n=lm=1

rae unm(x, y)— (GyHkmuM, onpenenseMmble paBeHCTBOM (43), a Cgpy —IOKa

Eﬂﬂ“

»S

HEH3BeCTHbBIE KOA(DPHUITUEHTHI.

[Ipeanonoxum, uro psna (45) B QO CXOJIUTCA paBHOMepHO. Torma ymHOXkasi o0e
YaCTH 3TOT'0 PaBEHCTBA HA Uy (X, y) Y MHTETPUpPYs 10 00s1acTu AO , AMEEM

o |||2 Hey "Kyja, (012)Cai =ﬂU(x,y,z)uk,(x,y)dxdy, k,leN, (46)

Ag

re ug | = ﬂuf, (x,y)dxdy.
Ag
N3 (46) mpu K=n,I=m (310 nna ymob6erea) B cuny mepsoil ycnosuit u3 (5),

onferenc
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=

u 21/ 2+y J1/2—]/

— HaxoJMM Ko3(pdULUUeHTHl Cgpy B BUIE Cgyy = m Fm, e
5 H X, Y )Unm (X, y ) dxdy . (47)

IIUnmII

Tenepb MOKEM J1I0Ka3aTh CIAEAYIOLIYIO TEOPEMY.

10N

Teopema 1. Eciiu cymiecTByeT penienue 3aj1auu T, TO OHO € IMHCTBEHHO.
Jloka3aTebCcTBO. /[ 3TOro MOCTATOYHO J0Ka3aTh, YTO OJAHOPOJHAs 3amada [

MMeeT TOJILKO TPUBHANbHBIE perieHus. [1ycTh F(X, y) =0. Torma F,;, =0 u Cg,, =0
npu Bcex N,M e N . Ha ocHoBanuu 31oro, us (46) ciaeayer, 4to

HU (X, Y, Z) Uy (X, y)dxdy =0.

Ag

Otcrofa, B cUly TIOJTHOTBI CUCTEMbI cOOCTBEHHbIX (YHKUUHN (41) B mpocTpaHCTBE
L, (AO) uU (X, y,z) eC(QO), cnenyer U (X, Y, Z)EO B Q.

[Tonb3ysch TUM PaBEHCTBOM, JIETKO yOenuThes, 4TO

U (x,+0,2)=0, IlmoyzﬁU (x,y,2)=0, xe[0,1], z<[0,c].
Yo+
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Torna, B cuy yciaoBui ckieuBaHus (6), ClipaBeIJTUBb PaBEHCTBA

U(x,—0,2)=0, Iimo(—y)zﬂuy(x, y,z)=0, xe[01], ze[0,c]. (48)
y—-

W3 pesynbTaTtoB pabotsl [ 19] cinenyer, 4To pemieHne ypaBHEHUS

U, —U +UZZ+2)’(BU 2;18 +2—Z7/UZ:O, (X, y,2) ey,
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yIOBIETBOpAIONIEE  yCTAOBUAM  (48), TOXKIECTBEHHO pPAaBHO HYNIO, T.€.

U (X, Y, Z) =0, (X, Y, Z) S f_ll Teopema 1 moxasana.
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