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Annotatsiya: Ushbu magolada chizigli tenglamalar sistemasi va uni yechishning eng
samarali algebraik usullari chuqur tahlil gilinadi. Chizigli sistemalarning tuzilishi,
noma’lumlar va koeffitsiyentlar o’rtasidagi bog’liglik, shuningdek yechimning mavjud
yoki yagona bo’lishiga ta’sir etuvchi omillar izchil yoritiladi. Maqolada an’anaviy qo’yish
va yo’qotish usullaridan tashqari, murakkab va ko’p o’zgaruvchili sistemalarida keng
qo’llaniladigan zamonaviy metodlar ham ko’rib chiqiladi. Aynigsa, Gauss usulining satrlar
bo’yicha ketma-ket soddalashtirish orgali sistemasni qulay ko’rinishga keltirilishi hamda
undan noma’lumlarni izchil topish jarayoni batafsil yoritiladi. Shuningdek, Krammer
goidasi yordamida determinantlar asosida yechimni aniq va nazariy jihatdan ishonchli
aniglash imkoniyatlari tushuntiriladi. Maqola chizigli tenglamalar sistemasining algebra
va matematik modellashtirishdagi o’rni, shuningdek uning iqtisodiyot, fizik jarayonlar,
texnika va kompyuter fanlaridagi muhim qo’llanilishlarini yoritish orqali mavzuning
ahamiyatini ochib beradi.

Kalit so'zlar: Chiziqli tenglamalar sistemasi, algebra , noma’lumlar , koeffitsiyentlar ,
Gauss usuli, qo’yish usuli, algebraik model, yechim mavjudligi , yagona yechim, cheksiz
yechim, matematik modellashtirish.

AHHoOTauuA: B naHHON cTaTble mpeacTaBiieH yriayOJeHHBIA aHAU3 CHUCTEMbI JTMHEHHBIX
ypaBHeHHII u HauOonee ed EeKTHUBHBIX alreOpanyecKux METOJI0OB €€ pelieHUs.
[TocnenoBaTeIbHO pacCMaTPUBAIOTCS CTPYKTYpa JTMHEHHBIX CUCTEM, B3aMMOCBS3b MEXIY
HEU3BECTHBIMU U KO3 (ULIMEHTaMH, a TakKe (aKTOpbl, BIUSIONIME Ha CYIIECTBOBAaHUE
WIA €JUHCTBEHHOCTh pemieHus. [loMHMO TpaguIMOHHBIX  METOAOB IOJCTAHOBKH H
UCKJTIOYCHUSI, B CTaThe TaKXKE pPACCMATPUBAIOTCS COBPEMEHHBICE METOJBI, UIMPOKHU
UCTIOBh3yeMble B KOMIUICKCHBIX M MHOTOMEPHBIX CHCTeMax. B dWacTHOCTHM moapoOHO
paccMaTpUBAETCs MPOLECC YIPOIICHUSI CUCTEMBI ITYTEM MOCIEA0BATEIBHOTO TOCTPOYHOTO
ympoieHusi MeTofoM ["aycca u mocinemoBaTenbHOr0 HaXO0X/ACHUSI HEM3BECTHBIX M3 HETO.
Taxxe 00BACHSAIOTCS BOZMOKHOCTH TOYHOTO M TEOPETUYECKH JTOCTOBEPHOTO ONPEICTICHUS
peleHrsl Ha OCHOBE OINpeaenuTeneii ¢ ucnoib3oBaHueM mnpaBuia Kpamepa. Crarbs
PacKphIBaCT BaXXHOCTh TEMBI TOJYEPKUBAS POJIb CHUCTEMBl JIMHEHHBIX ypaBHCHHHA B
anredpe W MaTEeMAaTHYEeCKOM  MOJCIMPOBAHUM a TaKXKE €€ BaKHbIC NPUIIOKEHUS B
IKOHOMHKE (PU3UYECKHX MPOIIECCaX TEXHUKE U MHPOPMATHKE.

KiaroueBble ciaoBa: Cucrema JHMHEWHBIX ypaBHEHUH, anreOpa, HEU3BECTHHIE,
kodddunuentsl, Merox laycca, MeToJq TOJACTAaHOBKH, aireOpandeckas MOJEb,
CyIIECTBOBaHWE  PpEIICHUs, CAWHCTBEHHOC  pCIICHHs, OCCKOHEYHOE  pEIICHHE,
MaTeMaTHYeCKOe MOJICITUPOBAHHUE.

129



e

»S

al Conferenc

10N

WFer 2
<

‘ ) INTERNATIONAL Internat

Open Access | Scientific Online | Conference Proceedings

CTICE

COMFERENCES OF FRA

THE LATEST NEWS AND RESEARCH IN EDUCATION.
International online conference.

Date: 11"December-2025
Annotation: This article provides an in-depth analysis of a system of linear equations and

the most effective algebraic methods for solving it. The structure of linear systems, the
relationship between unknowns and coefficiensts, as well as the factors affecting the
existence or uniqueness of a solution are consistenly coveed. In addition to the traditional
substitution and elimination methods, the article also considers modern methods widely
used in complex and multivariable systems. In particular, the process of simplifying the
system by successive row-wise simplification of the Gauss method and consistently
finding the unknowns from it is covered in detail. It also explains the possibilities of
accurately and theoretically reliable determination of the solution based on determinants
using Cramer’s rule. The article reveals the importance of the topic by highlighting the
role of a system of linear equations in algebra and mathematical modeling, as well as its
important applications in economics physical processes, engineering, and computer
science.

Keywords: System of linear equations, algebra, unknowns, coefficients, Gaussion method,
substitution method, algebraic model, existence of solution, unique solution, infinite
solution, mathematical modeling.

Kirish:
Chizigli tenglamalar sistemasi va ularning yechimi. Ko’pgina amaliy, jumladan
iqtisodiy, masalalar chizigli tenglamalar sistemasi tushunchasiga olib keladi.
Ta’rif: n noma’lumli m ta chizigli tenglamalar sistemasi deb quyidagi
ko’rinishdagi sistemaga aytiladi:
( Q11X + 15X, + ag3x3+...+ + a1 x, = by
Ay1X1 + ApyXy + Ay3X3+...+ + aypx, = by

\Ap1 X1 + ApaXe + QX3 +...+ + AQpnXy = by,

1)

Bu yerda a;; va b; (i=1,2,..., m; j=1,2,..., n) — berilgan va ixtiyoriy o’zgarmas
sonlar bo’lib, a;; sonlari (1) sistemaning koeffitsiyentlari, b; esa ozod hadlari deyiladi. Bu
sistemada x; (j=1,2,...,n) noma’lumlar bo’lib, ularning giymatlarini toppish talab etiladi.
Yig’indi belgi yordamida (1) sistemani qisqacha quyidagicha yozish mumkin:

n

=1 QijX;=b, i=1,2,...,m. )

Endi (1) yoki (2) chizigli tenglamalar sistemasining a;; koeffitsiyentlaridan

tuzilgan to’rtburchakli A matritsani, x; noma’lumlar va b; 0zod hadlardan hosil gilingan X
va B ustun matritsalarni kiritamiz:
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11 Q12 A1n X1 by
X b
o« A= Gtz G ) XY FGa e o x) 7B Y] )
'I ! am]_ amz amn le bn
4
Eﬁnl Unda , matritsalarni ko’paytirish amalidan foydalanib, (1) sistemani ixcham va

qulay bo’lgan quyidagi matritsaviy ko’rinishda yozish mumkin:

S

AX=B (4)

Matritsa usuli. Bu usulda sistemaning matritsaviy ko’rinishda yozilgan (4)
ifodasidan foydalaniladi. Bunda r(A)=n shartdan sistemaning n-tartibli A kvadrat
matritsasi maxsusmas ekanligi kelib chigadi, chunki matritsa rangi ta’rifiga A|A| #0
bo’ladi. Bu holda A matritsaga teskari matritsa A~! mavjud va (4) matritsaviy
tenglamaning ikkala tomonini unga chap tomondan ko’paytirish mumkin. Natijada teskari
matritsa ta’rifi va birlik matritsa xossasidan foydalanib, ushbu formulani hosil etamiz:

onference

\
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N’ AX=B— A 1AX=A"1B-EX=4"1B->X=4"1B (7)
— (4) matritsaviy ko’rinishdagi n noma’lumli chizigli n ta tenglamalar sistemasi
C’U yechimini ifodalovchi (7) formula bir noma’lumli ax=b(a#0) chizigli tenglamaning

yechimini determinant x=b/a=a~'b formulaga o’xshash ekanligidan ta’kidlab o’tamiz.
Misol: Ushbu tenglamalar sistemasini matritsa usulida yeching:

10N

3x; +4x, — 2x3 = —11
4x, + 2x, +3x3 =9
Yechish:  Dastlab sistemaning A matritsasini yozib, uning determinantini
hisoblaymiz:

{ le —3X2 +4X3 == 20

2 -3 4 2 -3 4
A:<3 4 —2), A=|A|=|3 4 —2|=43%0
4 2 3 4 2 3

Demak A matritsa maxsusmas, unga teskari matritsa mavjud va uni formula orqali
topamiz:

. Apn Ay Ay ) 16 17 -10
A 1=— A12 Azz A32 :E —-17 —-10 16

“\Ays Asy A 10 -16 17

FRACTICE
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Endi (7) formula bo’yicha noma’lumlardan tuzilgan X ustun matritsani aniglaymiz:

X1 . 16 17 -10 20 . 43 1
X=(x2>=A_1B=E (—17 —-10 16 ><_11>:E (—86>:<—2>
X3 10 -16 17 9 129 3
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Demak, sistemaning yagona yechimi x;=1, x,=-2, x;=3 bo’ladi.

Shunday qilib matritsalar usuli har ganday n noma’lumli n ta tenglamaning aniq
sistema yechimini oddiy va ixcham ko’rinishidagi (7) formula bilan ifodalash imkonini
-z beradi. Bu formula nazariy tadgigotlar uchun qulaydir, ammo n oshib borishi bilan uning
ﬂ amaliy tatbigi murakkablashib boradi. Bunga sabab shuki, bu holda A~ teskari matritsani
topish uchun yugqori tartibli determinantlarini hisoblashga to’g’ri keladi.

Eﬂﬂr—! )

an
% Asosiy gismi: Kramer(determinantlar) usuli. Matritsaviy ko’rinishda (7) formula
g bilan ifodalanuvchi (1) Sistema (n=m) yechimini teskari matritsa formulasidan foydalanib,
D quyidagicha yozamiz.
P
ab) X1 Ay Ay Ay - Ap b,
QE /'X:Z\ I A12 AZZ e Alz aen Anz I b.z
| I | 1 :
X:l |:A_1B:—| | =
X Al Ay A v Aje e Apre 1| bi
- \ : / \ T :
- : :
I\—J Xn Aln AZn Ain Ann bn
r.c b1A11 + b2A21 + R + bnAnl

) b1A12 + b2A22 + et + bnAnZ
Z blAlk + b2A2k + R + bnAnk

10N

blAlTL + bZAZTl + te + bnAnn

Bu yerda sistemaning x;(k=1,2,...,n) yechimi uchun ushbu formulalar kelib
chigadi:
1 1 A
xk:Z(blAlk + bzAzk + cee + bnAnk): ZAk:Xk, k:1,2,...,1’l) (8)

Open Access | Scientific Online | Conference Proceedings

Bunda determinantning 11-xossasidan foydalanib, k=1,2,...,n, uchun ushbu

1: INTERMATIOMAL Interna t

a1 A1k-1 b1 A1k+1 e Qqp
b a21 azk_l b2 a2k+1 T a’ZTL
Il‘_-; blAlk + b2A2k + ..o 4 bnAnk . :Ak
E ail a’ik—l bl aik+1 ain
:H: anl ank_l bn ank+1 . ann
%
:

Tengliklar o’rinli bo’lishidan foydalandik. (8) formulalarda (1) sistemaning a;;
koeffitsiyentlaridan tuzilgan
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a1 Az ... Qg
A=|A|=[%21 G2z .. G2 determinant sistemaning asosiy determinanti,
- ’ ' An1  Am2 = Amn

uning k-ustunini ozod hadlar ustuni B bilan almashtirishdan hosil bo’lgan A, (k =
1,2, ...,n) determinantlar esa yordamchi determinantlar deyiladi.

ﬂ Ta’rif: (1) chizigli tenglamalar sistemasining yechimini asosiy va yordamchi
determinantlar orqali ifodalovchi (8) tengliklar Kramer formulalari deb ataladi.

Eﬂﬂ“

N w Kramer formulalarini n=2 hol uchun yozamiz. Bunda (1) chizigli tenglamalar
< _E sistemasi
g {a11x1 + ay2x; = by
Cl) Az1X1 + A%, = by’
- asosiy va yordamchi determinantlar
\ _|%11 Q12 _|p1 a1z _lain bq
oy A= , A= , Ay=
[y 2Y) azo b2 a22 alz bZ
. A A .. .
g va Kramer formulalari xlzf, xzzf ko’rinishda bo’ladi.
- Shunga o’xshash n=3 bo’lganda sistema
T ) a11%, + a2, + ag3x3 = by
Az1%X1 + AppX; + Ap3X3 = by,
~ a31x1 + a32x2 + a33x3 == b3
< asosiy va yordamchi determinantlar

by a; a3
b, aj; a3
bs as, ass
a1 Qi by
az1 Ay by
azy Az, bs

ai; Q12 Qg3
Qz1 Az Q33
31 dzz dAszs
a1 by ags
az1 by azs
az; by as;
Va Kramer formulalari

Ay Ay
X1=— Xo=——
174 2N

Misol: Ushbu uch noma’lumli chizigli tenglamalar sistemasini Kramer usulida
yeching:

A= , A=

10N

A,= As=

A . :
X3 :% , ko’rinishda bo’ladi.
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2x1 + 3x2 + X3 - 0
2x1 + 3X2 - ZX3 == 0
Yechish: Asosiy va yordamchi determinantlarni hosil etamiz va hisoblaymiz:

{x1+2x2+3x3=1

COMFERENCES OF F

1: INTERMNATIONAL Interna t

1 2 3 1 2 3 1 1 3

A=|2 3 1]|=18 A=|0 3 11|55 A=12 0 1(=1
2 1 -1 0 1 -2 2 0 =2

1 2 1

Az=[2 3 0|=7

2 10

Kramer formulalariga asosan Sistema yechimini topamiz:
Ay 5 _Ay 1 _ A3 7

NI T BT
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Gauss(noma’lumlarni yo’qotish) wusuli. Chizigli tenglamalar sistemasini
matritsalar Kramer usulida yechishda bevosita berilgan (1) sistemaning o’zi bilan ish

9
aa

ko’riladi.Endi qaralayotgan Gauss usulida esa berilgan (1) Sistema boshga bir sistemaga
keltiriladi shu sababli bizga quyidagi tushuncha kerak bo’ladi.

ﬁan

n Ta’rif: Agar ikkita chizigli tenglamalar sistemalarining yechimlar to’plami o’zaro
teng bo’lsa, ular ekvivalent (teng kuchli) sistemalar deyiladi.
D
~ Masalan,
{4)61 - 3x2 == _23 {le + xz - 1
x, +2x, =8 ' X, +x, =3

Sistemalar ekvivalent, chunki ular bir xil x,=-2, x,=5 yechimga ega.

Ta’rif: Agar (1) sistemaning ikkita tenglamalar o’rni o’zaro almashtirilsa yoki
ulardan biri ixtiyoriy A songa ko’paytirib boshqa bir tenglamasiga qo’shilsa, natijada
berilgan sistemaga ekvivalent sistema hosil bo’ladi.

Masalan,

onferenc
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4x; — 5x, + 2x3 = =3
5x; +x, —3x3 =0
Sistemaning ikkinchi va uchinchi tenglamalarini o’rnini almashtirish va hosil
bo’lgan sistemaning birinchi tenglamasini A=-2 songa ko’paytirib, uchinchi tenglamasiga

A
J

{ 2x, +3x, —x3 =1

al (

qo’shish natijasida hosil bo’lgan quyidagi Sistema berilgan sistemaga ekvivalent bo’ladi.

10N

5x; +x, —3x3 =0
—11x1 + 4x2 - _5
Hagigatdan ham bu sistemalarni Kramer yoki matritsalar usulida yechib, ularning

ikkalasini ham bir xil
11 25 10

X =— — = Xo=— —
17 63 2763’ 37 63’

Yechimga ega ekanligiga ishonch hosil gilish mumkin.
Endi birgalikda va aniq bo’lgan quyidagi n noma’lumli n ta chiziqli tenglamalar
sistemasini Gauss usulida yechishga o’tamiz:

{le + 3X2 —X3 == 1

FRACTICE

a11X1 + a12x2 + a13X3+. . +a1nxn - b1
alel + azzxz + a23X3+. . +a2nxn == bn

........................... LI

NFEREMCES OF F

Ap1X1 + ApaXy + apzx3+...+auy X, = by

Lo

: INTERMATIOMAL Interna t

1-gadam. (9) sistemada a;; #0 deb olish mumkin, chunki bus hart bajarilmagan
bo’lsa, (9) sistemadagi tenglamalar o’rnini almashtirish orqali unga erishish mumkin.
Sistemaning 1-tenglamasini ikkala tomonini -ai,/a,; songa ko’paytirib, uning k-
tenglamasiga (k=2,3, ..., n) qo’shamiz. Natijada hosil bo’ladigan ekvivalent sistemaning
k-tenglamasida noma’lum x; qatnashmaydi va u quyidagi ko’rinishda bo’ladi:
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( a11x1 + a12x2 + a13X3+. e +a1nxn = bl

: i aDx, + aDx+.. . +allx, = b{V
i < ---------- (-11) -------- (-11) ------------ (-11) -------- (1) (9(1))
n . A, X, +asx3+...+a, x, = b,
ﬁn \ a,(,le)x2 + a,(,L13)x3 +... +aflln)xn = b,(ll)
@ P, 2-gadam. Hosil bo’lgan (9%) sistemada yugoridagi singari yana al; #0 deb
& olish mumkin. Bu sistemaning 2-tenglamasini ikkala tomonini -a/al  songa
QD
Q k2 22
ko’paytirib, uning k-tenglamasiga (k=3,4, ..., n) qo’shamiz. Natijada hosil bo’ladigan
q ekvivalent sistemaning k-tenglamasida noma’lum x,
QD Qatnashmaydi va u quyidagi ko’rinishda bo’ladi:
=
¢ D ( A11X1 + 12X, + Aq3X3+. .. FAp X, = by
g aDx, + a§13)x3 +... +a;l)xn = p{V
2 2 2
- ) a§3)x3+. . +a§n)xn = bé ) (9®)
2 2 2
- aiS)x3+. . +a§n)xn = bi )
(— \ a7(123)x3+. . +a£lzn)xn = b,(lz)
CU n-gadam. Yugoridagi jarayonni ketma-ket n-1 marta takrorlab, quyidagi

ko’rinishdagi ekvivalent sistemaga kelamiz:

10N

( a11x1 + a12x2 + a13X3 +... +a1nxn == b1

aglz)x2 + ag?x3 +... +a$1)xn = bél)
) ag?x3 +... +a§?xn = bgz) (9(m-1)
3

Ay Xgt... +afljl)xn = bf’)

\ a Py, = p

nn n n
Bu Gauss usulining to’g’ri yo’li , uning natijasida hosil bo’lgan (9*~1) sistema
uchburchakli deyiladi.
Endi (9™~V) sistemaning oxirgi tenglamasidan x,, noma’lumning qiymati
topamiz. So’ngra x, giymati (9~Y) yoki (9"~2)) sistemaning oxirgidan oldingi
tenglamasiga qo’yib, undan x,_; noma’lumning qiymati aniqlaymiz. Shunday tarzda

Open Access | Scientific Online | Conference Proceedin
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davom etib, birin-ketin x,,, x,,_1, Xp—2, ..., X, X; noma’lumlar giymatlarini topamiz. Bu
jarayonga Gauss usulining teskari yo’li deyiladi.

Gauss usulining matritsalar va Kramer usullaridan afzalliklari quyidagilardan
iborat:

Bu usul yuqori tartibli determinantlarni hisoblashni talab etmaydi va fagat arifmetik
amallar orgali bajariladi;

Bu usulni deyarli yuqorida ko’rsatilgan ko’rinishda amalga oshirib, ixtiyoriy
chizigli tenglamalar sistemasini, jumladan noaniq sistemalarni ham yechish mumekin:

NFEREMCES OF F
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: INTERMATIOMAL Interna t

135



WFer 2
A

S

onference

\
J
Open Access | Scientific Online | Conference Proceedings

al (

10N

FRACTICE

: IMTERMATIOMNAL Interna t

COMFERENCES OF F

THE LATEST NEWS AND RESEARCH IN EDUCATION.
International online conference.

Date: 11"December-2025
Bu usul soda hisoblash algoritmiga ega bo’lib, uni kompyuterda amalga oshirish

oson.
Misol: Ushbu sistemani Gauss usulida yeching.
2x1 — 3x, + 4x3 = 20
3x1 +4x, — 2x3 = =11
4x, + 2x, +3x3 =9

Yechish: Bu sistemadan noma’lumlarni birin-ketin yo’qotamiz.
1-qadam. Sistemaning ikkinchi va uchinchi tenglamalardan x; noma’lumni
yo’qotamiz.Kasr songa kelmaslik va bu orqali hisoblashlarni soddalashtirish magsadida
buni quyidagicha amalga oshiramiz. Dastlab 1-tenglamani ikkala tomonini -3 soniga, 2-
tenglamani esa 2 soniga ko’paytirib, ularni 0’zaro qo’shamiz. So’ngra 1-tenglamani ikkala
tomonini -2 soniga ko’paytirib, hosil bo’lgan tenglamani 3-tenglamaga qo’shamiz.
Natijada quyidagi ekvivalent sistemaga kelamiz.
2xy — 3x, +4x3 = 20
17x, — 16x3 = —82
{ 8x, — 5x3 = —31
2-gadam. Oldingi gadamda hosil gilingan sistemaning 2-tenglamasini -8 soniga, 3-
tenglamasini 17 soniga ko’paytirib o’zaro qo’shamiz:

17x, — 16x; = —82
43x3 = 129
Dastlab bu uchburchakli sistemani 3-tenglamasidan x;=3 ekanligini topamiz.
So’ngra bu natijani sistemaning 2- tenglamaga qo’yib undan x,=-2 ekanligini
aniglaymiz. Yakuniy gadamda x,=-2 va x3=3 natijalarni sistemaning 1l-tenglamaga
qo’yib, undan  x;=1 ekanligini topamiz. Demak berilgan sistemaning yagona yechimi
x:=1, x,=-2 , x3=3 ekan.

{le - 3X2 + 4X3 == 20
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